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ABSTRACT. In this paper we study finite p-solvable groups having irreducible com- 
plex characters x ^ Irr(G') which take roots of unity values on the p-singular elements of 
G. 



AMS Classification: 20C15 



1. Introduction. If G is a finite group and p is a prime, in this paper we study irreducible 
complex characters x ^ Irr(G) which take roots of unity values on the p-singular elements 



There are several reasons to study such characters. In [NR], we gave a proof of a 
conjecture of J. Carlson, N. Mazza and J. Thevenaz showing that an endo-trivial simple 
module of a finite p-solvable group G with Sylow p-subgroups of rank at least 2 is one- 
dimensional. Recall that, as introduced by E. C. Dade, a simple ii'G-module V over a 
field K of characteristic p is endo-trivial if 



where P is a projective module. (Later the second author studied in [R2] i?G-lattices 
satisfying this condition.) Inspired by this idea, we now turn our attention to the set of 
complex irreducible characters Irr(G) and consider characters x ^ Irr(G) such that 



where $(^. is the projective indecomposable character of the irreducible Brauer character 
(fii e IBr(G). Since ^^p^ vanishes on the p-singular elements of G, such a character x 
satisfies that |x(x)| = 1 for every p-singular x e G, and conversely. (By elementary 
character theory what we have in fact is that x(^) is a root of unity for every p-singular 
X e G. See Lemma (2.2) below.) 

Under certain natural circumstances, the cyclic defect theory provides examples of 
these characters in groups with cyclic Sylow p-subgroups. It turns out that this condition 
also holds in several simple groups. For instance, the irreducible characters of PSL{2,p'^) 
of degree q — 1 take the value —1 on all its p-singular elements. Furthermore, if G is a 
simple group of Lie type of rank 1 in characteristic r, then Cg{x) is an r-group for each 
non-trivial r-element x & G. Hence, if x is the Steinberg character, for each non-trivial 
r'-element y, we have xiv) — i|CG(y)|r = il- In particular, for each prime p other than 
r which divides \G\, we have \x{y)\ — 1 for each p-singular element y of G. (As pointed 
out to us by P. H. Tiep, if g is a power of the prime p, then PSLsiq)., PSUsiq)-, Sz{q) and 
^^2(9)5 among others, have also characters of this type.) 

Our interest in this paper is in p-solvable groups. In fact. Theorem A below implies 
our module theoretic result from [NR]. 

THEOREM A. Suppose that G is a p-solvable group with Sylow p-subgroups of rank at 
least 2. Let x £ Irr(G) be faithful taking roots of unity values on the p-singular elements 
of G. If Op{G) = 1, then x is linear. 

If the Sylow p-subgroups of G are cyclic or generalized quaternion, then there are many 
examples showing that Theorem A is false (for instance, in certain Frobenius actions). 

Our result in Theorem A shows that under certain circumstances, if the values of 
an irreducible character on p-singular elements are roots of unity, then the same is true 



of G. 




2 



everywhere; a fact that can be seen as another example of character values on p-singular 
elements controlling representation theoretic invariants. 

In the case where Op{G) > 1, and without assuming p-solvability, the situation is also 
quite tight. 

THEOREM B. Suppose that x £ Irr(G) is faithful, non-Unear, and such that it takes 
roots of unity values on the p-singular elements of G. Assume that P = Op{G) > 1. Then 
either p is odd, P G Sylp(G) is elementary abelian, Cg(P) = P x Z{G), G/Cg{P) acts 
transitively on Irr(P) - {Ip}, and x(l) = |P| - 1, or p = 2 and G = S4X Z{G) with \Z{G)\ 
odd. 

From Theorem B, we see that G/Z{G) is a doubly transitive permutation group (in 
the action with P acting by translation on itself, and G/Cg{P) acting by conjugation on 
P). Since the finite 2-transitive groups are known, it is possible to classify all the groups 
satisfying Theorem B, but we have not attempted this here. 

Finally, we mention the work of the second author in [R3] , in which generalized char- 
acters taking roots of unity values on all non-identity elements are studied. 

2. Proofs. Let us start with the following. 

(2.1) LEMMA. Suppose that ^ e C is a root of unity, and let e e Z be an integer. If e 
divides ^ in the ring of algebraic integers, then e = ±1. 

Proof. We have that ecc = ^ for some algebraic integer a. Then 1 = = e'^aa, and 
(1/e^) = aa is a rational algebraic integer. So 1/e^ e Z. | 

Our notation for characters, mainly follows [I] . 

(2.2) LEMMA. Suppose that x ^ Irr(G). Then the following conditions 
are equivalent: 

(i) The character ^ = xx ~ vanishes on the p-singular elements of G. 

(a) \x{x)\ = 1 for all p-singular x E G. 

(Hi) x(^) ^ ^oot of unity for all p-singular x & G. 

Proof. We know that = xx ~ 1g is a character of G since 1 = [x, x] = [xXi 1g]- Now, if 
X is any character of G, g E G and \x{9) \ = 1 it is well-known that x{9) is a root of unity. 
(This fact can be found as Problem (3.2) of [I], for instance, and we sketch a proof for the 
interested reader. Let K be the cyclotomic field of n-th roots of unity, of degree ip{n) over 
Q. Let a & K he an algebraic integer with \a\ = 1. Suppose that a has minimal polynomial 
p{x) = (x — ai){x — 0:2) ■ ■ • (x — at) G Z[x], where the ctj's are the Galois conjugates of 
ct = CKi by the group Gal{K/Q). Hence, t < ip{n). Now, since Gal(i^/Q) is abelian, then 
Galois conjugation commutes with complex conjugation, and therefore la^l = 1 for all i. 
Now notice that the absolute value of the coefficient of in p{x) is at most the binomial 
coefficient (*), so there only finitely many possibilities for p{x). In particular, we deduce 
that there is only a finite number of algebraic integers a e K with \a\ = 1. Therefore the 
set I m > 0} is finite, and we conclude that a is a root of unity.) | 
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Although we shaU not need it in our proofs, we mention now that a character of a finite 
group vanishes on the p-singular elements of G if and only if it is a Z-linear combination 
of the projective indecomposable characters $<p. (by Corollary (2.17) of [N], for instance). 

We shall frequently use the following lemma. 

(2.3) LEMMA. Suppose that x £ Irr(G) takes roots of unity values on every p-singular 
element x & G. Then 

(a) If S E Sjlp{G), then x(l)^ = 1 mod \S\. Hence, ifp is odd, then x(l) = ±1 mod 
\S\. If \S\ = 2" and a > 2, then x(l) = ±1 mod 2" or x(l) = 2°-^ ± 1 mod 2«. In any 
case, x(l) is not divisible by p. 

(b) If M < G has order divisible by p, then xm Is a sum of distinct irreducible 
characters of M. In particular, if x is non-linear and faithful, then Z(G) is a p' -group. 

(c) If M is a subgroup of G having a normal p-complement N and a non-trivial Sylow 
p-subgroup P, then 

r 11, [XiV,XAr] - 1 
[XM, XmJ = 1 + • 

Proof. By Lemma (2.2), we can write XX = 1 + ^, where \1/ is a character of G such 
that '^{g) = whenever (7 G G is p-singular. If 5" G Sylp(G), then we have that tps is a 
multiple of the regular character ps of S, so V'(l) is divisible by 15*1. Then (a) follows. To 
prove part (b), using Clifford's theorem, write xm = ^^^=1 ^i; where the 9i G Irr(M) are 
distinct (and G-conjugate). If a; G M has order p, then 

t 

X{x) = e{Y,0^{x)) . 

i=l 

Hence, the root of unity x(^) is divisible by e in the ring of algebraic integers, and we 
apply Lemma (2.1). 

Suppose finally that M has a normal p-complement N and a Sylow p-subgroup P > 1. 
Then every g & M — N is p-singular. Then 

|M|[xm,Xm]= 5^ |X(^7)|'= Yl \x{g)f+J2\^^9)\' = {\M\-\N\) + \N\[xN.XN], 

g&M g&M-N g&N 

and part (c) easily follows. | 

We shall also use the following lemma (due to the second author). 

(2.4) LEMMA. Suppose that 9 is a generalized character of an Abelian group A. If 
\0{a)\ = 1 for all a E A — {1}, then 9 — fpA — e/x, where pA is the regular character of A, 
e is a sign, and p G Irr(A). 

Proof. This fact was first stated as a remark after Corollary 4 of [Rl]. Another proof is 
provided in the second paragraph of the proof of Theorem (2.1) of [R3]. | 

Now, we dispose of Theorem B of the introduction. 
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(2.5) THEOREM. Suppose that x e Irr(G) is faithful, non-hnear, and such that it takes 
roots of unity values on the p-singular elements of G. Assume that P = Op{G) > 1. Then 
either P G Sylp(G') is elementary abelian, Cg{P) = -P x Z{G), G/Cg{P) acts transitively 
on Irr(P) - {Ip}, and ^\P\-l,orp = 2 and G = S4 x Z(G), where \Z{G)\ is odd. 

Proof. By Lemma (2. 3. a), we know that x has degree not divisible by p. Hence, the 
irreducible constituents of xp cire linear. Since x is faithful, we have that P is abelian. 
Now, by Lemma (2.3.b) and using that x is faithful, then we can write xp = ^i=i ^i: 
where G Irr(P) are distinct and different from Ip. Thus < 1-^*1 L^t C — Cg{P)- 
Since [xp,Ai] = 1 and P C Z(C), we easily conclude that xc is a sum of distinct linear 
characters of C. Using again that x is faithful, we conclude that C is abelian. Hence, we 
can write C — P x N, where N — Op'(G). Now, write 

r 

where Hi G Irr(A^) are distinct. Hence x(l) = hr < \P\ — 1. Also, [xcXc] = hr. Now, by 
Lemma (2.3.c), 

, h?r-l h'^r-1 

hr = l+ |„| < 1 + . 

|P| hr+1 

From this inequality, we conclude that r = 1 and that x(l) = h = \P\ — 1. Hence 
Xn = x(1)a*i s-^d since x is faithful and /xi is linear, we get N C Z(G). Necessarily 
= Z{G) (since Z(G') is a p'-group by Lemma (2.3.b)). Also, since x(l) = |P| — 1, we 
have that G/C acts faithfully and transitively on Irr(P) — {Ip}. In particular, P is an 
elementary abelian p-group. 

So we may assume now that P < S E Sylp(G). If p is odd, then by Lemma (2. 3. a), 
we have that x(l) > l-^l - 1, where S G Sylp(G'). Thus |P| = \S\ and P = 5 G Sylp(G'), 
which is not possible. Hence, we have that p = 2. If |P| — 4, then G/C is necessarily 
S2 and G/Z{G) — 84^. Since |Z(G)| is odd, by elementary group theory we have that 
G = Z{G) X ^4- 

Finally, assume that |P| > 4. By Lemma (2. 3. a), we have that |P| — 1 = x(l) > 
\S\/2 — 1 and therefore \S\ = 2\P\. Since P is elementary abelian, it follows that the 
exponent of S is at most 4. Let A — det(x), and let A2 be the 2-part of A. Now, let u 
be a linear character of G such that u^^^^ — A2, and notice that r = z^x is an irreducible 
character of G with odd determinantal order which takes roots of unity values on the 
2-singular elements of G. Since det(T) has odd order, it follows that det(T)(a;) = 1 on 
2-elements. Therefore t{x) = r(l) mod 4 for every involution x E G. Since r(l) = |P| — 1 
and t{x) is a sign by hypothesis, we see that t{x) = —1 for every involution x E G. Now let 
U he a cyclic subgroup of order 4. Since tu takes roots of unity values on the non-identity 
elements of U, it follows by Lemma (2.4) that 

ru = fpu - e/J, , 

where e is a sign, fj, G Irr(C/), and pu is the regular character of U. Now, |P| — 1 = 4/ — e 
and we deduce that e = 1 and / = |P|. Also, since det(T)f/ = 1 and tu = \P\pu — A*) we 
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deduce that //'^l -"^ = 1 and hence = 1. It follows that t{x) = —1 for every a; e G of 
order 4. Therefore ts = aps — Is and t(1) > l^l — 1, which is the final contradiction. | 

We recall that a subgroup H of a. finite group G is said to be strongly p-embedded 
in G if p divides \H\ and p does not divide \H fl H^\ for each g e G — H. 

The following is an essential part in the proof of Theorem A. We use the Glauberman 
correspondence, and we refer the reader to [I], Chapter 13, for a reference. But also, we 
shall use a well-known fact which follows from the Classification of Finite Simple Groups, 
namely, that the outer automorphism group of a finite simple group of order prime to p 
has cyclic Sylow p-subgroups (see, for example. Theorem 7.1.2 of [GLS]). 

(2.6) THEOREM. Suppose that G has a normal p-complement N and that P e Sylp(G) 
is abeUan and contains an elementary subgroup of order at least p^ . Let x G Irr(G) such 
that x(a^) is a root of unity for every p-singular x E G. Then x(l) = 1. 

Proof. We argue by induction on \G\. By Lemma (2. 3. a), we have that x has p'-degree. 

Hence xn = G Irr(A^) (using Corollary (11.29) of [I]). Now let fi G Irr(G) be the canonical 
extension of fi to G. (This is the unique extension r G Irr(A^) with determinantal order 
o(t) = o{iJ,), using Corollary (6.28) of [I]). Then, by Corollary (6.17) of [I], we can write 
X = /iA for some linear A G Irr(P), and therefore may assume that x = A- 

Since {fi)NxOp{G) is by definition the canonical extension of fj, to N x Op{G), we see 
that {P')nxOp(g) = a* X lop(G)- Hence, if 1 7^ x G Op(G), then fi{x) = //(I) is a root of 
unity, and deduce that /u(l) = 1. So we may assume that Op{G) = 1. 

Now we claim that fi takes roots of unity values on the p-singular elements of G if and 
only if for every 1 ^ x & P, the (a;)-Glauberman correspondent of fx is linear. If 1 ^ a; G P 
and y G Cn{x), then we know that 

fi{yx) = eii*{y) , 

where //* is the (a;)-Glauberman correspondent of fi and e is a sign. (See Theorem (13.6) 
and (13.14) of [I].) If fx* is linear for every 1 x & P, then we see that p, takes roots of 
unity values on p-singular elements. Conversely, suppose that fi takes roots of unity values 
on p-singular elements. If 1 7^ x G P and C = Cg{x), then p,{x) = e//*(l) is a root of 
unity, and then /x*(l) = 1. This proves the claim. 

Next we prove that x is primitive. Suppose that r*^ = X; where r G 1tt{H). Since 
X has p'-degree, then H contains a Sylow p-subgroup of G, which we may assume is P. 
We claim that H is strongly p-embedded in G. Let x & H he a p-element. Since G has 
a normal p-complement and abelian Sylow p-subgroups, by elementary group theory we 
know that x^ G H for some g E G if and only if x^ — x^ for some h E H. Then 

X{x) = {l/m Yl ^(^') = a/\H\)m{x)r{x) , 

where m{x) — \{g E G \ x^ E H}\. Now, x^ E H if and only if x^^ E H for every h E H, 
and we see that m{x)/\H\ is an integer dividing a root of unity. Then m{x) = \H\ by 
Lemma (2.1). Hence if x^ E H, then g E H, and therefore H is strongly embedded in G, 
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as claimed. In particular, ii 1 ^ u e P and z E Cg{u), then u E H H and therefore 
z E H. Now, since P contains as a subgroup Cp x Cp, we may apply Theorem 6.2.4 of [G], 
for example, to conclude that 

N C {Cg{u) \ ly^uE P) C H 

and we deduce that H = G. This proves our claim that x is primitive. 

Now, suppose that U is a proper normal subgroup of that admits P and let 9 e 
Irr([/) be P-invariant under fi. Let 1 ^ x E P, and let fi* E Irr(CAr(a^)) be the (x)- 
Glauberman correspondent of fi. By Theorem (13.29) of [I], we have that 6* lies under fi*, 
and we conclude that 9* is also linear. Hence 9 E Irr([/P) also takes roots of unity values 
on the p-singular elements of U P, and by induction we have that 9 is linear. 

Now, let N/Z be a chief factor of G, and let 9 E Irr(Z) be P- invariant under /x, which 
we know is linear. Since /} is primitive, then /iz is a multiple of 9, so working in G/ker(^), 
we may assume that Z C Z{G) for every chief factor N/Z of G. Suppose that N/Z is 
abelian, and let 1 ^ a; e P. Then E/Z = C]y/z{x) < G/Z (using that P is abelian), and 
we deduce that E = Z or E = N. If E = N, then [N, x] = 1 by coprime action and 
X E Op{G) = 1. Therefore P acts Frobeniusly on N/Z, but this is not possible because P 
is not cyclic. So we may assume that N is perfect. Suppose that N/Z is a simple group. 
Since Op{G/Z) = 1, it follows that P is a subgroup of Aut{N/Z), which we know by the 
Classification of Finite Simple Groups, has cyclic Sylow p-subgroups. This is not possible. 
Hence, 

N/Z = Si/Z X ••• X Sk/Z 

is a direct product of non-abelian simple groups, where k > 1, which are permuted by 
P, where each Si is perfect and [Si,Sj] — 1. Now, let 1 x E P, and notice that (x) 
transitively permutes the elements of the set {Si/Z, . . . , Sk/Z}, because Y\ye{x)(^i/ 
normal in G. Write Si = S and define (p : S ^ Cg{x) hy 

(f{s) = ss^ • • - s^" \ 

This is a well defined homomorphism. If s e ker{<f), then s E Z (using that G/Z is a 
direct product) and — 1, so s = 1. Also, if y G Cg{x), then, using again that G/Z is a 
direct product, we have that y — ss'^ ■ ■ ■ s^^ z for some s E S and z E Z . Now z = z^ for 
some z\ E Z and '-pi^szx) — y. We conclude that S = Cg(x), and in particular that Cg{,x) 
is perfect. Since ji* E Irr(CG(a;)) is linear, then ji* = 1 and ji = 1 hy the uniqueness of 
the Glauberman correspondence. Hence /t is linear, as desired. | 

The following is Theorem A of the Introduction. 

(2.7) THEOREM. Let G he a finite p-solvable group. Suppose that S E Sylp(G) has a 
non-cychc subgroup of order p^. Suppose that x £ Irr(G) is a faithful character that takes 
roots of unity values on the p-singular elements of G. If Op{G) = 1, then x is linear. 
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Proof. Write M = Op>p{G) = NP, where N = Op'{G) and P is a p-group. Since p 
divides |G| and G is p-solvable, we have that P > 1. Therefore 

s 

XM = ^Xi 

is a sum of different irreducible characters Xi G Irr(M), by Lemma (2.3.b). Since x has 
p'-degree, it follows that (xi) iv € Irr(A/") for all i. Let us write 

r 

XN = h^lij, 

where e Irr(A'") are different. Notice that s = hr. By Lemma (2.3.c) we obtain that 

h'^T — 1 

hr = s= [xM, Xm] = 1 + • 

Hence 

{hr - 1)\P\ = {h^r - 1) = h{hr -l) + {h-l) 

and therefore hr — 1 divides h — 1. Then hr — 1 < h — 1, and we conclude that r = 1. So 
r = 1, s — h, and we have that xn = ^A* fo^ some fx e Irr(A'"). Since {h — 1)\P\ = h^ — 1, 
then h = 1 (and XAf G Irr(M)) or h = \P\ — 1. 

Let ft G Irr(M) be the canonical extension of /x = /xi to M, so that ft is G-invariant. 

If h = 1, then we have that xtv G Irr(A'"), and xm = /tT for some linear r e Irr(P). 
In this case, notice that ft{z) is a root of unity for every p-singular element z G M. 

Suppose that h = \P\ — 1. We have that Xi = f\ some unique G Irr(M/A^), 
where the are distinct. By Clifford's theorem and using that G = MNg(P), we see 
that Ng{P) acts transitively on {Ai, . . . , Ag}. Since s — h — \P\ — 1 then we conclude that 
Irr(P) — {Ip} = {Ai, . . . , As}. In particular, P is elementary abelian. If P is cyclic, then 
G/M is abelian, and P is a Sylow p-subgroup of G, which is not possible ( because any 
Sylow p-subgroup of G contains a subgroup of type Cp x Cp). Hence, P contains at least 
a non-cyclic subgroup of order p'^ . Also 

\AElrr(P)-{lp} 

Hence, if 2; is a /^-singular element of M, then x(-z) = —f^i^) and we have that ft takes 
roots of unity values on p-singular elements. 

In both cases, we apply Theorem (2.6) to conclude that /U is linear. Since x is faithful 
and Xn = x(1)a*7 we conclude that (jt is faithful, so = Op/(G) C Z(G). Now, if A < G, 
then let K/N be a chief factor of G. Since A = Op/(G), it follows that K/N is a p-group. 
Since A C Z(G), then K = N xOp{K), and this is impossible since Op{G) = 1. Therefore, 
we have that G is a p'-group, and this is a final contradiction. | 
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We have mentioned in the Introduction that our present Theorem A imphes the 
module theoretic result in [NR]. In fact, if V is a simple endo-trivial i^TG-modulc of 
a finite p-solvable group G with Op{G) = 1, is the usual complete local ring with 
R/J{R) — K, then by using the Fong-Swan theorem, it is possible to lift V to an RG- 
module U that affords an irreducible x £ Irr(G). Now, by Lemma 1 of [T], it easily follows 
that t/" (8) [/* = 1 © P, where P is a projective i?G-module. Then x{9)x{g) — 1 = for 
every p-singular g & G (using IV.2.5 in [F]), and we can apply Theorem A to x- 
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